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Abstract— Modern SAT solvers have proved highly successful
in �nd ing counterexamples to temporal properties of systems,
usinga methodknown as”bounded modelchecking”. It is natural
to ask whether these solvers can also be exploited for proving
correctness.In fact, techniques do exist for proving properties
using SAT solvers, but for the most part existing methods are
either incomplete or have a low capacity relative to bounded
model checking. Here we consider two new methodsthat exploit
a SAT solver's ability to generate refutations in order to prove
properties in an unbounded sense.

I . INTRODUCTION

A SAT solver [16], [12] is a tool for �nding a satisfying
assignmentto a set of propositionalclauses.This ability has
been quite effectively exploited in �nding counterexamples
to temporal propertiesof �nite statesystemsby a technique
called boundedmodelchecking [3]. This is simply a search
for a counterexample of bounded lengthusing a SAT solver.
Unfortunately, this technique cannot prove propertiescorrect
unlessa bound is known on the diameter of the statespace,
which is not generally thecase.By contrast,thecompleteness
of SAT solvers(i.e,, theirability to producea negative resultin
theunsatis�ablecase)hasbeenexploited in a techniquecalled

�

-induction [15] that makes it possibleto prove properties
ratherthanfalsifying them.This technique,however, doesnot
appearto be as robust asboundedmodel checking.

A third, under-exploited ability of SAT solvers is their
ability to producerefutations(i.e., proofs of unsatis�ability). It
is reasonable to askwhetherthis ability might not be usedin
someway to prove temporal properties. In this paper we will
considertwo recent methods that userefutations to bounded
model checking instancesin order to aid in the proof of
properties(in theunboundedsense).The�rst methodusesthe
refutation to constructan abstractionof the model to be used
in standardunbounded model checking. The secondmethod
usesthe refutation anda technique calledCraig interpolation
to perform an over-approximatedimagecomputation.

Experimentson hardware veri�cation benchmarksindicate
thatthesemethodsare,in a certainsense,asrobustasbounded
model checking. In theworstcase,they requireunfolding only
to thedepthof thestatespace,whereasthe

�

-inductionmethod
requiresunfolding to the lengthof the ”longestsimplepath”,
which can be exponentially longer. Moreover, both methods
have certaincharacteristicsthat suggest they might be useful
in softwaremodel checking.

I I . EXTRACTING REFUTATIONS FROM SAT SOLVERS

A SAT solver, such as CHAFF [12], or GRASP [16], is
easilyinstrumentedto produceproofs of unsatis�ability using

resolution. This is basedon the observation that “con�ict
clause”generation canbe viewed asa sequence of resolution
steps,following the so-called“implication graph”. We will
now de�ne what is meantby a “proof of unsatis�ability”, and
show how onecanbe extracted from a run of a typical SAT
solver.

To begin at the beginning, a clauseis a disjunction of a set
of zero or more literals, eachof which is either a Boolean
variable or its negation. We assumethat clausesare non-
tautological, that is, no clausecontainsboth a variable and
its negation. A set of clausesis said to be satis�able when
there exists a truth assignment to all the Booleanvariables
that makesevery clausein the set true.

Giventwo clausesof theform �������	��
 and �
�����	�	��� ,
we say that the resolventof ��� and �
� is the clause 
���� ,
provided 
���� is non-tautological. For example, theresolvent
of ����� and ��������� is ������� , while ����� and ��������� have
no resolvent, since ������� is tautological. It is easyto seethat
any two clauseshave at mostoneresolvent. The resolvent of

�
� and �

� (if it exists) is a clausethat is implied by �
���

�
�

(in fact, it is exactly  "!#�%$& '�
���

�
�

$ ). A proof of unsatis�ability
of a setof clauses( is a DAG whoseverticesareclauses,in
which the rootsareclausesin ( , the unique leaf is theempty
clause(FALSE) and eachnon-root clauseis the resolvent of
its two parents.

Now we considerhow a standardSAT solver might be
modi�ed to produceproofs of unsatis�ability. While searching
for a satisfyingassignment, a DPLL solver makes decisions,
or arbitrary truth assignmentsto variables,andgeneratesfrom
thesean implication graph. This is a directedacyclic graph
whoseverticesaretruth assignments to variables,whereeach
node is implied by its predecessorsin the graph togetherwith
singleclause.

As an example, supposethat our clause set is )* "���+�

�&$&,
 -�����.�/�.0#$21 and we have already decided the literals
)3�4,2���51 . A possibleimplication graphis shown below:
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The literal � is implied by node � andthe clause  -�����?�@$ ,
while 0 is implied by thenodes � , ��� , andclause -���A�B�A�C0*$ .

A clauseis said to be in con�ict whenthe negations of all
its literals appearin the implication graph. When a con�ict
occurs, the SAT solver generatesa con�ict clause– a new
clausethat is implied by the existing clausesin the set.This



is usuallyexplainedin termsof �ndin g a cut in theimplication
graph, but from our point of view it is betterunderstoodas
a processof resolving the “clause in con�ict” with clauses
in the implication graph to generatea new clause(that is
also in con�ict). We can also think of eachresolutionstep
as applying an implication from the implication graph in the
contrapositive.

As an example, suppose that that we add the clause  -�����

��0*$ to the example above. This clauseis in con�ict, since
the implication graphcontainsboth � and 0 . Note that 0 was
implied by the clause  "�����+���D0*$ . Taking the resolvent of
this clausewith the con�icting clause  -���E�F��0*$ , we obtain
a new implied clause  "���C�G�@$ , which is also in con�ict.
Now, the literal � in the implicationgraphwasimplied by the
clause  -�����H�&$ . Resolvingthis with our new clauseproduces
another implied clause  -�����I�
$ , also in con�ict. Either of
theseimplied clausesmight be taken as the “con�ict clause”,
andaddedto the clauseset.

In order to generate a proof in the unsatis�ablecase,we
have only to record, for eachgeneratedcon�ict clause,the
sequence of clausesthatwereresolved to producethatclause.
The SAT solver producesan “unsatis�able” answerwhen it
generatesthe emptyclauseasa con�ict clause(actually, most
solversdo not explicitly producethis clause,but canbemade
to do so). At this point, we can easily produce a proof of
unsatis�ability by, for example, a depth-�rst searchstarting
from the empty clause,recursively deducing eachclausein
termsof the sequenceof clausesthat originally producedit.
Note that, in general, not all con�ict clausesgenerated during
theSAT procedurewill actuallybeneededto derive theempty
clause.

I I I . PROOF-BASED ABSTRACTION

We now considera simple technique that usesproofs of
unsatis�ability to produce abstractions[11]. Given a model
and a temporal property, we choose a bound

�

, and we
convert the problem of existenceof a counterexample of

�

stepsinto a SAT problem (i.e., we perform bounded model
checking at depth

�

). If this problemis satis�able, we have
a counterexample and we are done. Otherwise,we have a
proof that there is no counterexample of length

�

. We use
this proof to generateanabstractionof themodel andapplyan
unbounded model checker to theabstraction. If theproperty is
truein thisabstraction,it is truein theoriginal, sowearedone.
Otherwise,we simply increase

�

and start again. Note this
is in contrast to counterexample-basedabstractionre�nement
methods suchas [9], [1], [5], [8], [17], [4], [13] that rely on
analysisof counterexamples to re�ne the abstraction. Here,
counterexamples from the abstractionare ignored.

A systemis modeledasa setof constraints,andabstraction
consistssimply in throwing away constraintsthat aredeemed
irrelevant to the property. This kind of abstractionwas intro-
ducedin [1], [9]. As an example, Figure 1 shows a simple
digital circuit and its model as a set of constraints ( . Each
gateor register is characterized by a Booleanequation. Note
that �@J hererefers to the valueof � at the “next time”.

�
� ��

�
� �� �� �Ù �

� �� �� �Ú �

� � �� ��
	 �� �


� �� �� �Ù � �
� �� �� �Ú � �
� � �� ��

�

Fig. 1. Model of a simple circuit.

Now supposewe wish to verify thelineartemporal property
K

�ML� '��NPO+�
$
, that is, at all times, if

�
is true, then

�
is

trueat thenext time. This particularproperty happensto hold
independentlyof the valueof signal Q . That is, if we remove
the constraint Q ��� � � from C, we obtainan abstractsystem

( J thatstill satis�estheproperty. Notethat in this abstraction,
Q is left as a free variable, while � and � are unreferenced.
If we succeedin verifying property K on system (RJ we can
conclude that ( also satis�es K , since (

J is weaker than (

(i.e, (BJ admitsa supersetof the tracesof ( ). The advantage
of this kind of abstractionis that theabstractsystem(�J refers
to a smallersetof variablesthanthe original system

(
. Thus

it shouldbe easierto verify using standard model checking
methods.

The important questionis, of course, how to choosethe
abstraction

(CJ
. For the sake of simplicity we will consider

hereonly safetyproperties.Satisfaction of a safetyproperty
reduces to a reachability problem, that is, whether a state
satisfying an initial condition S can reacha statesatisfying
a �nal condition T by somesequenceof stepsof the model.
If so, the property is falseand the statesequence represents
a counterexample to the property. To solve this problem for
a �x ed bound

�

on the number of steps,we simply build a
�

-stepunfolding of thecircuit U
�V(�W

�YX
X@XZ�
(\[3]9�

, where
(E^

represents
(

with eachoccurrenceof variable
�

replacedby
�9^

andeachoccurrenceof
�_J

replaced by
��^a`b�

. A counterexample
of

�

stepsexists exactly when the formula S
W

�

U

�

T
[

is
satis�able.Similarly, a counterexample of up to

�

stepsexists
whenthe formula S

W
�

U

�
 

T
W

�

T
[�$

is satis�able1

This bounded model checking formula can be converted
into CNF and checked for satis�ability using a standard
SAT solver. We avoid an exponential expansionin the CNF
form by converting eachconjunct in the formula separately.
If the bounded model checking formula is satis�able, then
the satisfyingassignment representsa counterexample to the
property. If it is unsatis�able,the SAT solver can produce a
refutation c , that is, a proof by binary resolution stepsthat
the formula implies FALSE.

Our abstraction
(YJ

is simply the set of constraints in
(

that are actually used in proof c . That is,
(�J

is the set
of all constraints

�edf(
, such that some clause in the

CNF representation of
�5g

occurs in proof c , for some h in

1Actually, this is true only when i is known to represent a total relation.
In the general case, a slightly morecomplex construction is required.
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Fig. 2. Proof-based abstraction.
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It is easy to see that this reduced set of constraintsalso
admitsno counterexample up to length

�

, sincethe bounded
model checking formula for

(�J
induces all the clausesused

in proof c , hence it is also refuted by c . Intuitively, if
�

is large enough, we expect
(

J to be suf�cient to rule out
counterexamples of any length, a notion we will formalize
shortly.

Wenext applystandardunboundedmodel checking methods
to the abstractsystem (CJ . If the property is found to be true
for (CJ , then it must also be true for ( , since (oJ is a sound
abstractionof ( . On theotherhand,supposeacounterexample
is found, of length

�

J . Fromtheabove argument,we know that
�

J�p

�

. However, the counterexample for (?J may not be a
counterexample for

(
becausesomeconstraintsfrom

(
have

beenomitted. We therefore discardthe counterexample and
startagainwith a larger value of

�

(in practicesetting
�

�

�

J

seemsto be effective). The overall procedure for proof-based
abstractionis shown in Figure 2. Note that counterexamples
areonly producedby theboundedmodel checkingphase,and
proofs of correctnessare only producedby the unbounded
model checking phase.

It is easy to show that this procedure must eventually
terminate.We know that

�

increaseswith eachiteration and
that the diameter0 of the statespaceof (�J is bounded.Thus,
eventually we must have

�

pq0
. We know there is no path

from S to T in
(YJ

of length up to
�

. Thus, when
�

pr0

thereis no pathfrom S to T of any length.It follows that the
unbounded model checker must �nd the property true,andso
the proceduremusteventually terminate.

In practice, we usually �nd that the procedure usually
terminateswhen

�

is approximatelyonehalf of 0 . Moreover, 0

is the diameterof the abstraction (oJ which is often much
smallerthanthe diameterof the original system( .

A. Practical experience

To guagethe effectivenessof the proof-based abstraction
procedure in generating abstractions, it was testedon a set

2In principle we canalsoabstract the initi al and�nal conditionsin a similar
way, or we can simply reduce theseconditions to single literals by moving
the initial and �nal condition formulas into the constraint system i .

of benchmark model checking problems derived from a sam-
pling of properties usedin the compositional veri�cation of
a unit of the PicoJava II microprocessor, available in open
sourcefrom Sun Microsystems,Inc. 3 The unit in question
is the ICU, which manages the instructioncache,prefetches
instructions, anddoessomepreliminary instructiondecoding.
Originally, the propertieswere veri�ed by standardsymbolic
model checking, using some manual directives to remove
parts of the logic not relevant to each property. To make
interesting benchmark examples for automatic abstraction,
thesedirectives were removed, and a neighboring unit, the
instruction folding unit (IFU) was added. The intention of
this is to simulatethe actionsof a nä�ve userwho is unable
to localize the veri�cation problem manually (the ultimate
nä�ve user being an automated tool). The function of the
IFU is to read instruction bytes from the instruction queue,
parsethe bytestreaminto separateinstructions anddivide the
instructions into groups thatcanbefed into theexecution unit
in a singlecycle. Inclusionof theIFU increasesthenumber of
statevariables in the “cone of in�uence” substantially, largely
by introducing dependenciesonregisterswithin theICU itself.
It also introducesa large amount of irrelevant combinational
logic.

Twenty representative properties were chosenas bench-
marks. All of theseproperties are safety properties.All the
propertiesaretrue.Noneof thebenchmarkscouldbesuccess-
fully veri�ed by standard symbolic model checking methods
alone, within a limit of 1800 seconds.On the other hand,
of the 20 benchmarks,all but two were successfullyveri�ed
by the proof-basedabstractiontechnique. In the two failed
cases,the failure was causedby memory exhaustion by the
SAT solver during the boundedmodel checking phase(at

�

valuesof 15 and20 transitions,respectively). Notably, in all
caseswhere the bounded model checking phasecompleted
successfully, theunboundedsymbolic model checker wasable
to successfullycheckthe resultingabstraction(�J .

Figure 3 shows, for eachbenchmark, the original number
of stateholding variables(solid bars), the number obtained
by manual abstraction(gray bars) and the number of state
variables remaining in the abstractionat the �nal iteration
of the proof-based abstractionalgorithm, without manual
abstraction(open bars).A s below the barsindicates that the
algorithm did not complete.Thenumber of variablesobtained
by manualabstractiondoesnot necessarilyre�ect what could
be obtainedby concertedeffort, but rather re�ects only a
suf�cient effort to make the propertiescheckable by standard
methods. Nonetheless,it is interestingto note that in 11 out
of 20casesa betterresultis obtainedby automatic abstraction.
Thus, it appears that the SAT solver is in fact quite effective
at narrowing the problemdown to the relevant logic.

Figure4 shows total run time of theproof-basedabstraction
procedurefor eachof the benchmarks,on a log scale.The
times are quite reasonablegiven the scale of the model

3The tools needed to construct the benchmark examples from
the Pico-Java II source code can be found at http://w ww-
cad.eecs. berkeley.edu/ ˜kenmcmil .
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Fig. 3. Statevariables:(solid) original, (gray)after manualabstraction, (open)
after automatic abstraction.
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Fig. 4. Total veri�cation time for proof-based abstraction algorithm.

checking problems,showing that theSAT solver is not unduly
slowed by the large amount of irrelevant logic.

Figure5 shows thefractionof total runtimespentin thetwo
phasesof thealgorithm. Thesolidpartof thebarsrepresent the
total time spentin the boundedmodelchecking phase,while
theopenpart representsthe total time spentin theunbounded
model checking phase.Note that in mostcases,thebottleneck
is boundedmodelchecking.

What thesedata clearly show is that the SAT solver is
effective at isolating the part of the logic that is relevant to
the given property, at least in the casewhen this part of the
logic is relatively small.

As an additional point of comparison,Figure 6 compares
the performanceof the proof-basedabstractionapproachwith
resultspreviously obtainedby Baumgartner et al. [2] on a set
of benchmarkmodelchecking problemsderived from theIBM
Gigahertz Processor. Their methodinvolved a combination of
SAT-basedbounded model checking, structural methods for
bounding the depthof the statespace,andtarget enlargement
usingBDD's. Eachpoint on the graphrepresentsthe average
veri�cation or falsi�cation time for a collectionof properties
of the samecircuit model. The averagetime in secondsfor
proof-basedabstractionis representedon the X axis, while
the average time in secondsobtained by Baumgartner et
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Fig. 5. Fraction of total run time: (solid) boundedmodel checking (open)
unbounded model checking
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Fig. 6. Fraction of total run time: (solid) boundedmodel checking (open)
unbounded model checking

al. is representedon the Y axis.4 Thus, a point above the
diagonal line representsa lower averagetime for proof-based
abstractionfor one benchmark. Note that in several cases
proof-basedabstraction has an advantage of two orders of
magnitude. A time of 1000 secondsindicates that the truth
of one or more properties in the benchmark could not be
determined. Of the 28 individual properties that could not be
resolved by Baumgartner et al., all but one are successfully
resolved by theproof-basedabstractionmethod. Excluding this
failedbenchmark, the largestaveragetime for theproof-based
method is 2.89 seconds. The clear conclusion is that proof-
basedabstractionprovidesa better

�

bound thanthestructural
method.

4Theprocessorspeedsfor the two setsof experimentsareslightly different.
Baumgartner et al. usedan 800MHz PentiumIII, ascomparedto a 930 MHz
Pentium III usedhere. The results presented herehave not beenadjusted to
re�ect CPU speed.



B. A (fuzzy)hypothesis

The fact that the unbounded model checker is able to
checkthe abstractionin mostcaseswhenthe boundedmodel
checking succeedssuggestsan interesting(if somewhat infor-
mal) hypothesis:that is, that bounded model checking using
SAT solvers tendsto succeedwhen the number of relevant
variables is small, and to fail when the number of relevant
variables is large. Thus far we have tested only the case
when the number of relevant variables is small. To test the
other end of the spectrum, one possibleapproach is to use
a set of scalablebenchmarks, in which all or most of the
statevariables areknown to be relevant. Suchexamples tend
to occur, for example, in protocol veri�cation. Here, absent
any fault tolerancemechanism,a droppedbit anywhere in the
systemtendsto causethe protocol to fail.

We will consider�rst a simplemodel of a cachecoherence
protocol dueto Steven German[7]. This model is parameter-
ized by t , number of processors.The property to be proved
is that, if there is an “exclusive” copy of a cacheline in
the system,then there is no other copy. Empirically, the the
depthof the statespaceof this model is found to be uvtxw.y

transitions.Applying bounded model checking to the model
at this depth, we �nd that the largestinstanceof this problem
we cansolve within 1800seconds is tz��{ , which hasonly
42 statevariables (of which 37 arefound to berelevant). This
is quite surprisingconsidering the extremesimplicity of this
model relative to thePicoJava II benchmarks.In thatcase,the
SAT solver managed to solve CNF SAT problemswith on the
order of 1 million variables,while in this caseit fails with
only about40,000 variables.On the other hand, the number
of relevant stateholding variablesis roughly similar to what
washandledin the PicoJava II benchmarks.

As anothertestcase,let usconsider a simplecircuit we will
call swap. This circuit has |.} -bit registers.At eachclock
cycle, it inputs a number h , andswapsthe valuesof register h

andits neighbor h
w

n

mod } . We set the number of bits } to
~€•‚•vƒ

�

|�„ sothatwe caninitialize all of theregistersto different
values.The property to prove is that registers

j

and
n

always
differ. Clearly, if we unconstrainthevalueof any oneregister,
the property will be false,sinceby a seriesof swaps,we can
transferthevalueof any registerto register0. Interestingly, we
�nd that thelargestinstanceof swap thatwe cansuccessfully
apply bounded modelchecking to is |��V… , corresponding to
21 statebits. At |.�†u , and

�

�‡u , the zChaff solver failed
to solve a SAT problem with only 1396 variables in over 40
hours!

Testing SAT solvers on other hardware designstends to
con�rm the following trend: when proofs are successfully
produced by the SAT solver, they tend to involve only a
small number of variables in an absolutesense.Figure 7
shows results on the set of problems in a collection of
hardware veri�cation benchmarks used at CadenceDesign
Systems.Eachpoint representsa singlebenchmark problem,
with the X axis giving the original number of statevariables,
and the Y axis the number of statevaluesin the abstraction
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Fig. 7. Results of proof-based abstraction on hardware benchmarks.

resulting from the longestsuccessfulboundedmodel check-
ing run in the proof-basedabstractionprocedure. The trend
is clear: successfulbounded model checking runs tend to
produce proofs of unsatis�ability using a small number of
statevariables, independent of the number of original state
variables.This means that,mostof thetime, if boundedmodel
checking succeedsunboundedmodelchecking on theresulting
abstractionwill also succeed,so thereis needto settle for a
bounded veri�cation. On the other hand, it may also mean
that boundedmodelchecking is only applicablein practiceto
localizable properties.

IV. MODEL CHECKING BASED ON CRAIG INTERPOLATION

We now consider an alternative approach that exploits
refutationsof bounded model checking instancesto generate
an over-approximatedimageoperator [10]. This methoddoes
not rely on a standardmodel checker. Ratherit usesentirely
SAT-basedmethodsto perform symbolic model checking.

The imageapproximation is basedon the notionof a Craig
interpolant [6]. Givena pair of propositionalformulas  -
C,ˆ�m$ ,
andaproof by resolutionthat 
 and � areinconsistent,wecan
deriveaformulacalledaninterpolant for  -
C,ˆ�m$ in lineartime.
An interpolant for

 -
C,ˆ�m$
is a formula


mJ
with the following

properties:
‰



implies


ŠJ
,

‰


ŠJ
�

�
is unsatis�able,and

‰


ŠJ refersonly to the common variables of 
 and � .

A simpleandef�cient construction for the interpolant canbe
found in [10].

A. Approximate image basedon interpolation

Given a set of constraints ( characterizing the transitions
of a system,andpredicatec characterizinga setof states,the
forward imageof c , denoted IMG

 
c

,ˆ(B$
, is the set of states

that can be reachedfrom a statein c via a transition in
(

.
We canwrite this as

IMG
 

c
,ˆ(B$‹�VŒA•

J

k

!Ž•

k

 
c

�
(B$



A symbolic model checker evaluatesthis predicate symboli-
cally to computea representationof theimage.This imagecan
then be iteratedto a �x ed point to compute a representation
of thesetof states• reachable from aninitial state,according
to the following recurrence:

•ŠW•� S

•Šg‚`b�‘� •ŠgŽ� IMG  -•�g’,2(B$

• � “�g-•�g

There is a path from the initial condition S to the �nal
condition T exactly when • �

T is satis�able.
The reachablestatesetmay, however, containsigni�cantly

more information than is neededto show that T is not
reachable. By carefully over-approximating the image op-
erator, we may simplify the problem without affecting the
reachability of T . An over-approximateimageoperator is an
operator IMG J , such that, for all predicates c , IMG  c ,ˆ(B$

implies IMG J

 c ,2(B$ . Using IMG J , we can compute an over-
approximation •

J of the reachable states.We will say that
an over-approximate image operator IMG J is adequate with
respectto the �nal condition T when,for any c that cannot
reach T , IMG J

 
c

,2(B$ cannot reach T . In other words, an
adequate over-approximation doesnot add any statesto the
image that can reachthe �nal condition. Clearly, if IMG J is
adequate, then T is reachable exactly when it is consistent
with •/J , the over-approximated reachablestates,since no
statesthat canreach T have beenaddedto •

J . The question,
of course,is how to compute an adequate IMG J .

One answeris to bound our notion of adequacy. Let's say
that a

�

-adequate image operator is an IMG J such that, for
any c thatcannotreachT , IMG J

 
c

,ˆ(B$ cannot reachT within
�

steps. We note that if
�

is greaterthan the diameterof the
statespace,then

�

-adequateis equivalentto adequate,sinceby
de�nition any statethat canbe reachedcanbe reached within
the diameter.

The idea is that we can usebounded model checking and
interpolation to compute a

�

-adequateimageoperator. We set
up a boundedmodel checkingformula to determine whether
our stateset c canreachT in

�

w

n

steps.However, we break
this formula into to parts:


 �
c

]_�
�

(�]_�

� � (‹W
�DX@X
X
�

(E[5]_�
�

 
T

WE�
X@X
X

�
T

[�$

This formula is depicted in Figure8. If 

�

� is satis�able,
then c can reach T , so the image operator can yield any
over-approximation, the simplestbeing the predicate TRUE.
On the other hand, if it is unsatis�able,we can compute an
interpolant 


J for the pair  -
C,ˆ�m$ . Note that the variables
common to 
 and � are in the set •

W , that is, the variables
representing the stateat time 0. Thus, 
mJ is a propositional
formula over •

W . In fact, the set of states IMG J
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�J is a
�

-adequateover-approximation of IMG  
c

,2(B$ .
This fact derives directly from the de�ning properties of
an interpolant. Since c

]9�
�

(�]_� implies 
ŠJ , it follows that
every state in IMG J

 
c

,2(B$ is reachablefrom c in one step,
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Fig. 8. Forward imagebasedon interpolation..

henceIMG J

 c ,2(B$ is anover-approximation. Further, since 
�J

is inconsistentwith � , it follows that no statein IMG  c ,2(B$

canreachT in
�

steps.HenceIMG J is
�

-adequate.Oneway to
think about this is that the interpolant is an abstractionof 


containing just the information from



that the SAT solver
usedto prove that c cannot reach T in

�

w

n

steps.Thus, it
is in a sensean abstractionof the forward imagerelative to a
(boundedtime) property.

Now suppose we use this
�

-adequate image operator to
compute an over-approximation of the reachablestates•�J . If
we �nd that T is unreachable(i.e., •oJ

�

T is unsatis�able),we
know that S cannot reachT . If we �nd that T is reachable,it
maybethatwehaveover-approximatedtoomuch. In thiscase,
however, wecansimplytry againwith a largervalueof

�

. Note
that if the boundedmodelchecking formula 


�
� turnsout

to be satis�able in the �rst iteration(when c
�

S ) then T is
in fact reachable andwe canterminatewith a counterexample.

It is easyto show thatif wekeepincreasing
�

, thisprocedure
must terminatewith eithera proof or a counterexample. That
is, if we keepincreasing

�

, eitherwe will obtaina counterex-
ample,or

�

will becomegreaterthanthediameterof thestate
space.In the latter case,our

�

-adequateimageoperator is in
fact an adequateimage operator, so our reachability answer
must be correct. In practice, we �nd that the

�

values at
which we terminate are generally smaller than the diameter.
This diameter-based termination bound contrastswith the
termination bound for the

�

-induction methods [15] which
is length of the shortest simple path in the statespace(also
called the recurrencediameter). The shortestsimplepathcan
be exponentially longer thanthe diameter.

B. Practical experience

Theperformanceof the interpolation-basedmodelchecking
procedurewas testedon the PicoJava II andIBM benchmark
setsdescribedabove. Of the twenty PicoJava benchmarks,all
but one were successfullyveri�ed by the interpolation-based
method. Figure 9 shows a comparison of the interpolation-
basedmethodagainstthe proof-basedabstractionmethod. In
the�gure, eachpoint represents onebenchmarkproblem,with
the value on the X axis representing the time in seconds
required for the earlier proof-basedabstractionmethod, and
the time on the Y axis representing the time in seconds taken



by the interpolation-basedmethod.5 A time value of 1000
indicates a time-out after 1000 seconds.Points below the
diagonal therefore indicatean advantagefor the interpolation
method. We observe 16 wins for interpolation and 3 for
proof-basedabstraction,with one problem solved by neither
method. In � ve or six cases,the interpolation method wins
by two orders of magnitude. Sinceboth methods are limited
by boundedmodel checkingtime, what this shows is that the
interpolation method tendsto terminateat smallervalues of

�

(though both reachthe diameterin the worst case).
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Fig. 9. Run times on PicoJava II benchmarks.

Next we compare the interpolation-basedmethodagainst
proof-basedabstractionon the IBM benchmarks.The results
are shown in Figure 10. Though the resultsare mixed, we
�nd thatoverall theadvantagegoesto proof-basedabstraction
(both successfullysolve the sameset of problems).This ap-
pearsto bedueto the fact thata largenumber of propertiesin
the benchmark setarefalse(i.e., have counterexamples). The
proof-basedabstractionmethodtendsto �nd counterexamples
more quickly becausein effect the standardmodel checker
quickly guidesthe boundedmodel checker to the right depth,
while the proof partition methodsystematicallyexplores all
depths. Figure 11 compares the two methods on only those
individual properties that are true, showing an advantage
for interpolation. This suggeststhat a hybrid method might
provide the bestresultsoverall.

Finally, in Figure 12 we compare the performance of
the interpolation methodto the

�

-induction method[15] on
the PicoJava benchmarks.The

�

-induction method terminates
within thetime limit on8 of the20problems,asopposedto 19
of 20 for the interpolation method. The

�

-induction methodis
actuallyfasteron four relatively easyproblems.Theseturn out

5Times for the present methodinclude only the time actually usedby the
SAT solver. Overhead in generating the unfoldings is not counted, sincethis
was implemented inef�cien tly. An ef�c ient implementation would re-usethe
unfolding from oneiteration to the next, thusmaking the unfolding overhead
negligible. Time to generate the interpolants was also negligible. A value of

”�•R–

wasusedfor theseruns.
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Fig. 10. Run times on IBM Gigahertz Processorbenchmarks.
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Fig. 11. Run times on IBM Gigahertz Processortrue properties.

to be propositionaltautologies,andare therefore 0-inductive.
On the whole, however, the

�

-induction is considerably less
effective on thesebenchmarksthaninterpolation-basedmodel
checking.

V. CONCLUSION

Wehaveconsideredtwo methodsof model checking thatex-
ploit a SAT solver's ability to producerefutations to bounded
model checking problems.Both methods arein effect methods
of abstraction(oneproducesa structuralabstractionwhile the
other producesan abstractimageoperator). Both exploit the
SAT solversability to concentrateon relevant factsandignore
irrelevantones,andtendto beeffectiveonproblemscontaining
a largesetof factsof which only a small number arerelevant
to the given property.

This suggeststhat the methods might be particularly use-
ful in software model checking, for several reasons.Soft-
waremodelchecking is typically basedon predicateabstrac-
tion [14]. In this method, thein�nite statespaceis reducedto a
truth valuation of a �nite setof predicates.Thesuccessof this
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Fig. 12. Run times on PicoJava II benchmarks.

approach requires a judicious choice of predicates.However,
if the model checker is able to effectively ignore predicates
that are not relevant to the property, then it might be that a
signi�cantly larger set of predicatescould be usedwithout
paying a large penaltyin model checking cost.

In addition, software model checkers typically use the
“Cartesianabstraction” to reduce the explosion in predicate
states.In this abstraction, statesareessentiallyBooleancubes,
and information about the correlation of predicate values
can be lost, leading to false counterexamples. Using the
interpolation method, however, only those correlations that
are actually usedin the SAT solver's proof will be present
in the interpolant. There is no needto apply the Cartesian
abstraction, hence false counterexamplesmight be avoided.
It should also be noted that Craig interpolation is possible
in �rst order theoriesas well as propositional theories. This
meansthat an interpolation-basedimage operator might be
useddirectly to compute invariants expressedin �rst order
logic. Becausethere is no �nite diameterbound for in�nite
statesystems,the interpolation method might not terminate.
However, it might be effectively used in conjunction with
predicatesto strengthenthe resultandavoid falsenegatives.
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